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Kinetic instabilities in weakly collisional, high beta plasmas are investigated using two-
dimensional hybrid expanding box simulations with Coulomb collisions modeled through
the Langevin equation (corresponding to the Fokker-Planck one). The expansion drives
a parallel or perpendicular temperature anisotropy (depending on the orientation of the
ambient magnetic field). For the chosen parameters the Coulomb collisions are impor-
tant with respect to the driver but are not strong enough to keep the system stable
with respect to instabilities driven by the proton temperature anisotropy. In the case
of the parallel temperature anisotropy the dominant oblique fire hose instability effi-
ciently reduces the anisotropy in a quasilinear manner. In the case of the perpendicular
temperature anisotropy the dominant mirror instability generates coherent compressive
structures which scatter protons and reduce the temperature anisotropy. For both the
cases the instabilities generate temporarily enough wave energy so that the corresponding
(anomalous) transport coefficients dominate over the collisional ones and their properties
are similar to those in collisionless plasmas.
1. Introduction
Large scale (turbulent) motion of the plasma often leads to changes in the magnitude
of the magnetic field (and possibly also in the particle densities). Such changes tend to
generate particle temperature anisotropies. In collisionless plasmas where no important
wave activity of heat fluxes are present the two first adiabatic invariants are expected
to be conserved and, consequently, the parallel and perpendicular temperatures (with
respect to the ambient magnetic field) behave differently (Chew et al. 1956). Coulomb
collisions naturally reduce the temperature anisotropies but may not be sufficient to keep
the plasma in thermal equilibrium. The plasma system may eventually become unstable
with respect to temperature-anisotropy driven instabilities. For example, in the case of
the almost collisionless solar wind plasmas protons exhibit relatively large temperature
anisotropies with signatures of bounds imposed by kinetic instabilities (Hellinger et al.
2006; Wicks et al. 2013; Bale et al. 2009; Hellinger & Tra´vn´ıcˇek 2014). Similar effects are
expected in other astrophysical situations such as in the intercluster high-beta plasmas
(Rosin et al. 2011; Santos-Lima et al. 2014) where Coulomb collision are expected to play
important role but where even a very weak temperature anisotropy may drive the system
unstable.
Coulomb collisions and kinetic instabilities are relatively well understood as separate
processes. The collective behavior of the Coulomb collisions is usually studied in the ap-
proximation of two-particle interactions which leads to the Boltzmann integral equation.
2 Hellinger and Tra´vn´ıcˇek
This equation may be further approximated by considering only small-angle scattering
events; this leads to a differential Fokker-Planck equation which considerably simpli-
fies the modeling of Coulomb collisions. However, it is important to keep in mind that
the Fokker-Planck approximation is not generally applicable (with respect to the Boltz-
mann integral approximation) even for Maxwellian particle velocity distribution functions
(Shoub 1987). Coulomb collisions have a kinetic nature. The scattering cross section is
strongly dependent on the relative particle velocity and a collisionality in different regions
of the velocity distribution function varies significantly.
Kinetic instabilities in plasmas are typically studied in homogeneous collisionless plas-
mas. The linear properties of these instabilities are generally described by a complicated
system which needs to be treated numerically except in some limiting cases. Kinetic
instabilities tend to reduce the source of free energy but their nonlinear properties are
not fully understood. Assuming a superposition of weak/noninteracting random phase
modes leads to a quasi-linear approximation with a diffusion in the velocity space ow-
ing to averaged second order terms (Kennel & Engelmann 1966; Hellinger & Tra´vn´ıcˇek
2012). Presence of important wave-wave interactions, wave coherence or of an important
population of trapped particles, however, makes this approach questionable.
Sufficiently strong Coulomb collisions invalidate the collisionless approach. Particle
trajectories are modified by collisions so that wave-particle interactions and particle
trapping are likely importantly influenced by the strong collisions. The collisions typically
introduce a damping so that one expects that they increase instability thresholds or
even suppress instabilities. On the other hand, wave-particle interactions often lead to
formation of small-scale structures in the particle velocity distribution functions. Large
gradients connected with such structures would lead to an enhanced collisional diffusion in
the Fokker-Planck approach (cf., Schekochihin et al. 2008). However, the Fokker-Planck
equation is only an approximation of an approximation of another approximation. From
the more general Boltzmann integral approach it is not clear that strong gradients in the
particle velocity distribution functions importantly affect the collisional interaction.
The situation becomes more complicated when there is an external driver which gen-
erates the temperature anisotropy. The system behavior depends on relative time scales
of the three process. However, both Coulomb collisions and instabilities are kinetic so
that their characteristic times are different in different regions of the particle velocity
distribution function. For collisions one can define an average macroscopic time scale but
in the case of instabilities it is more complicated. One possible measure of the insta-
bility time scale is the (maximum) growth rate which typically increases monotonically
above threshold. Hybrid collisionless simulations with external drivers (expansion, veloc-
ity shears) indicate that as the system enters the unstable regions waves are generated.
When these waves haver strong enough amplitude they are able to some extent coun-
teract the driven anisotropization and to keep the system near the marginal stability
(Hellinger & Tra´vn´ıcˇek 2005; Matteini et al. 2006; Kunz et al. 2014). This evolution de-
pends on the time scale of the driver. In the driven simulations the system enters further
to the unstable region and generates stronger wave activity for a faster driver. This
process can be to some extent modeled by a bounded anisotropy model (Denton et al.
1994; Hellinger & Tra´vn´ıcˇek 2008; Chandran et al. 2011) where the linear prediction is
used to impose bounds on the temperature anisotropy by introducing a strong effective
isotropization frequency in the unstable region.
The feedback of Coulomb collisions and kinetic instabilities on the large scale driver
is another open problem. The effects of the Coulomb collisions on the macroscopic level
may be expressed by transport coefficients which are typically derived in the vicinity
of thermal equilibrium (Braginskii 1965). A presence of other kinetic effects may render
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questionable these collision-dominated theoretical predictions (in the collisionless limit
the transport coefficients of Braginskii (1965) diverge). Some collisional transport coeffi-
cients can be calculated even far from thermal equilibrium, for example assuming drifting
bi-Maxwellian velocity distribution functions for all particle species (Barakat & Schunk
1981; Hellinger & Tra´vn´ıcˇek 2009). For instance the proton-proton isotropization fre-
quency νpp [
d(Tp⊥ − Tp‖)
dt
]
coll
= −νpp
(
Tp⊥ − Tp‖
)
(1.1)
may be given as
νpp =
e4np ln Λ
10π3/2ǫ20m
1/2
p k
3/2
B T
3/2
p‖
2F1
(
2, 3/2
7/2
, 1−
Tp⊥
Tp‖
)
(1.2)
where 2F1 is the standard (Gauss) hypergeometric function. In collisionless plasmas
kinetic instabilities lead to effective transport coefficients. In the quasi-linear approxi-
mation it is possible to derive some of the transport coefficients (Yoon & Seough 2012;
Hellinger et al. 2013) assuming the particle velocity distribution function is close to bi-
Maxwellian.
The behavior of a driven system with Coulomb collisions and temperature anisotropy-
driven instabilities is a complex nonlinear problem which is hard to investigate analyt-
ically so that a numerical approach is needed. In this paper we investigate expansion
driven proton temperature anisotropies in high beta, weakly collisional plasmas. In high
beta (collisionless) plasmas there are two dominant instabilities driven by the proton
temperature anisotropy. For Tp⊥ > Tp‖ it is the mirror instability (Hasegawa 1969).
This instability is resonant (i.e., a substantial portion of the proton velocity distribu-
tion function resonates with the unstable waves (cf., Gary 1993)) through the Landau
resonance. This kinetic feature is combined with fluid properties, the unstable waves
are nonpropagating and have long wavelengths near threshold. The nonlinear proper-
ties of the mirror instability are not fully understood, as they seem to combine kinetic
properties (the Landau resonance, particle scattering/trapping) and a fluid nonlinear-
ity (Califano et al. 2008). For Tp⊥ < Tp‖ the dominant growing mode is is the oblique
fire hose instability (Hellinger & Matsumoto 2000). This instability is resonant through
the cyclotron resonance and generates transient nonpropagating modes which eventually
become propagating and damped (Hellinger & Tra´vn´ıcˇek 2008). Other instabilities (ion
cyclotron, parallel fire hose, Weibel) may also play an important role in regulating the
proton temperature anisotropy.
This paper is organized as follows: section 2 describes the numerical code, section 3
presents the simulation results for one simulation for the parallel proton temperature
anisotropy Tp⊥ < Tp‖ and one for the perpendicular anisotropy Tp⊥ > Tp‖. The simula-
tions results are summarized and discussed in section 4.
2. Expanding box model
Here we use the expanding box model (Grappin et al. 1993) implemented to the hybrid
code developed by Matthews (1994) to study a response of a weakly collisional plasma to
a slow expansion. In this Collisional Hybrid Expanding Box (CHEB) model the expansion
is described as an external force. This model was developed in the context of the radial
expansion of the solar wind. One assumes a solar wind with a constant radial velocity U
at a radial distance R. Transverse scales (with respect to the radial direction) of a small
portion of plasma, co-moving with the solar wind velocity, increase with time as 1+ t/te
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where te = R0/U is the (initial) characteristic expansion time. The expanding box uses
these co-moving coordinates, the physical transverse scales of the simulation box increase
with time (see Hellinger & Tra´vn´ıcˇek 2005, for a detailed description of the (collisionless)
code) and the standard periodic boundary conditions are used. Coulomb collisions in the
code are modelled using the Langevin stochastic forcing corresponding to the Fokker-
Planck equation (Manheimer et al. 1997) where particle velocity distribution functions
are assumed to be drifting bi-Maxwellian ones; in this case Rosenbluth potentials can be
expressed in terms of generalized triple hypergeometric functions and the corresponding
Langevin stochastic equation can be constructed (cf., Hellinger & Tra´vn´ıcˇek 2010).
The characteristic spatial and temporal units used in the model are the initial proton
inertial length dp0 = c/ωpp0 and the inverse initial proton cyclotron frequency 1/ωcp0.
Here c is the speed of light, ωpp0 = (np0e
2/mpǫ0)
1/2 is the initial proton plasma frequency,
ωcp0 = eB0/mp, B0 is the initial magnitude of the ambient magnetic field B0, np0 is the
initial proton density, e and mp are the proton electric charge and mass, respectively;
finally, ǫ0 is the dielectric permittivity of vacuum. We use the spatial resolution ∆x =
∆y = 2c/ωpp0, and there are initially 16.384 particles per cell for protons. Fields and
moments are defined on a 2-D grid 512 × 512. Protons are advances using the Boris’
scheme with a time step ∆t = 0.05/ωcp0, while the magnetic field B is advanced with
a smaller time step ∆tB = ∆t/10. The collisional Langevin stochastic forcing is applied
every 10 time steps. The initial ambient magnetic field is directed along x direction,
B0 = (B0, 0, 0).
We analyze two simulations, one for the parallel proton temperature anisotropy Tp⊥ <
Tp‖ and one for the perpendicular anisotropy Tp⊥ > Tp‖. We assume relatively high
proton betas (∼ 20) and relatively high Coulomb collisional rates (with respect to the
expansion time). These parameters are quite larger than those typically observed in the
solar wind as here we are more interested in high-beta astrophysical plasmas (such as
the intercluster plasmas where, however, even much larger plasma betas are expected).
3. Simulation results
3.1. Fire hose instabilities
In the first (fire hose), 2-D CHEB simulation we initialize protons as an isotropic Maxwellian
velocity distribution function with βp = 20. We impose a continuous expansion in the y
and z directions (transverse with respect to the ambient magnetic field) with the (initial)
characteristic expansion time te = 10
4/ωcp0. The proton density and the magnitude of
the ambient magnetic field decrease as (1 + t/te)
−2 due to the expansion. Such a de-
crease would lead in a collisionless plasma to the double adiabatic evolution when no
wave activity or heat fluxes are present (Chew et al. 1956):(
dTp⊥
dt
)
CGL
=
Tp⊥
B
dB
dt
and
(
dTp‖
dt
)
CGL
= 2
Tp‖
n
dB
dt
− 2
Tp‖
B
dB
dt
; (3.1)
in this case Tp⊥/Tp‖ would decrease with time. For the Coulomb collision we set the
initial isotropization frequency νpp = 1.2 × 10
−3ωcp. The expanding collisional system
is expected to follow an evolution where double-adiabatically driven development of the
temperature anisotropy is counteracted by Coulomb collisions (when no wave activity or
heat fluxes are present)
dTp⊥,‖
dt
=
(
dTp⊥,‖
dt
)
CGL
+
(
dTp⊥,‖
dt
)
coll
(3.2)
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where (
dTp⊥
dt
)
coll
= −
1
2
(
dTp‖
dt
)
coll
= −
νpp
3
(
Tp⊥ − Tp‖
)
. (3.3)
and where νpp is given by Equation (1.2) when the proton velocity distribution functions
are close to bi-Maxwellian ones
The evolution in the expanding system is shown in Figure 1 in the (βp‖, Tp⊥/Tp‖) space.
The solid curves denote the path in the 2-D (fire hose) CHEB simulation where βp‖ and
Tp⊥/Tp‖ are averaged quantities over the simulation box calculated with respect to the
ambient magnetic field. The dashed contours show the linear (collisionless) prediction,
the maximum linear growth rate (in units of ωcp) as a function of βp‖ and Tp⊥/Tp‖ for
the oblique fire hose (left panel) and for the parallel fire hose (right panel). The dotted
line on the left panel shows the theoretical collisional evolution (obtained from Eq. (3.2))
whereas the dash-dotted line displays the fluid fire hose threshold CF = 0 where
CF = β‖ − β⊥ − 2. (3.4)
Figure 1 shows that initially the system follows the theoretical prediction of Eq. (3.2);
Tp⊥/Tp‖ decreases as the Coulomb collisions are not strong enough to keep the protons
isotropic. The initial behavior of the systerm is almost double adiabatic as the collisional
isotropization is proportional to |Tp⊥ − Tp‖|. As the temperature anisotropy grows the
system departs from the double adiabatic expectation, and, eventually, the collisional
term would dominate and the system would asymptotically reach the isotropy. Note
that the expansion driving decreases with time (as the expansion time R/U increases).
In the simulation, however, the system becomes unstable with respect to the oblique
fire hose before the collisions become dominant and the proton temperature anisotropy
is strongly reduced. After this Tp⊥/Tp‖ decreases again and this evolution periodically
repeats itself. In the 2-D (fire hose) CHEB the system is linearly stable with respect to
the proton parallel fire hose which has a higher threshold close to the fluid one.†
To test the relevance of the (collisionless) quasi-linear approximation for the description
of the oblique fire hose we have developed a simple, one-mode quasi-linear model for the
instability as a more physical version of a bounded anisotropy model. In this model only
one mode is considered and is assumed to have the growth-rate and quasi-linear diffusion
properties of the most unstable mode. In the stable region the amplitude of this mode is
assumed to be constant (the mode starts with a small, dynamically negligible amplitude)
and no diffusion is assumed whereas in the (collisionless) unstable region this mode grows
following the (collisionless) prediction based on bi-Maxwellian VDFs dδB/dt = γmaxδB
(changes in the position of the most unstable mode in the wave vector space are ignored);
the quasi-linear heating rates
(
dTp⊥,‖/dt
)
QL
are calculated for the most unstable mode
also assuming bi-Maxwellian VDFs (Hellinger et al. 2013). The result of this model is
shown on Figure 1 (right panel, dotted line). The simple model captures relatively well
the initial excursion of the system to the unstable region and after the saturation, it
predicts a marginal stability path with respect to the oblique fire hose instability.
The evolution of the wave spectrum in the simulation is shown in Figure 2. Figure 2
(top panel) displays the fluctuating magnetic field δB2/B20 as a function of time. The
middle and bottom panels show gray scale plots of the fluctuating magnetic field δB as
a function of time and the wave vector k and as a function of time and the propagation
angle θkB , respectively. Figure 2 shows that in the weakly collisional plasma the oblique
† The oblique fire hose has a lower threshold compared to that of the parallel fire hose at
least up to βp‖ = 10
4; however, the two thresholds approach each other in the (βp‖, Tp⊥/Tp‖)
plane as βp‖ increases.
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Figure 1. Solid curves denote the path in the (βp‖, Tp⊥/Tp‖) space in the 2-D (fire hose) CHEB
simulation. The dashed contours show the linear prediction, the maximum linear growth rate (in
units of ωcp) as a function of βp‖ and Tp⊥/Tp‖ for (left) the oblique fire hose and (right) for the
parallel fire hose. The dotted line on the left panel shows the theoretical collisional evolution,
Eq. (3.2) whereas on the right panel it shows the theoretical prediction for a simple, one-mode
quasi-linear model. The dash-dotted line displays the fluid fire hose threshold CF = 0.
fire hose has an evolution similar to that of the collisionless case (Hellinger & Tra´vn´ıcˇek
2008). The oblique fire hose generates waves at oblique angles with respect to the am-
bient magnetic field. The spectrum evolves towards less oblique angles and most of the
fluctuating energy is damped. The system with a low wave activity evolves roughly fol-
lowing the weakly collisional prediction till enough oblique fire hose wave energy is again
generated and reduces the proton temperature anisotropy. This behavior continues in
a semiperiodic manner with a period which seems to increase with time. On average
the magnetic fluctuating energy increases with time, after each period there is more
remaining fluctuating magnetic energy.
The linear and quasi-linear analyses (Hellinger & Matsumoto 2000, 2001) indicate that
this behavior may be understood in the quasi-linear framework where a dispersion change
is included. The oblique fire hose instability generates non-propagating modes which
only exist for sufficiently anisotropic protons. As the generated waves scatter protons
and reduce the proton anisotropy the non-propagating modes no longer exist and the
corresponding wave energy must be transformed mainly to standard, ion cyclotron waves.
These waves are relatively strongly damped by protons through the cyclotron resonance.
In the collisionless plasmas this leads to a deformation of the proton VDFs in the resonant
regions (Matteini et al. 2006; Hellinger & Tra´vn´ıcˇek 2008). This deformation is not seen
in the present simulation as the Coulomb collisions are relatively strong (and the resonant
interaction in the high beta plasma may be less obvious or possibly less effective, cf.,
Matteini et al. 2006). The proton VDFs (averaged over the box) remains relatively close
to bi-Maxwellian ones during the simulation, so that the two parallel and perpendicular
temperatures characterize very well the proton VDFs. This justifies the usage of the bi-
Maxwellian Langevin model and, similarly, this may justify the application of the quasi-
linear heating rates based on the bi-Maxwellian VDFs for the macroscopic description of
the oblique fire hose instability; the one-mode model used here is, however, too simple
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Figure 2. Evolution of the magnetic fluctuations in the 2-D (fire hose) CHEB simulation: (top)
Fluctuating magnetic field δB2/B20 as a function of time. Gray scale plots of the fluctuating
magnetic field δB as a function of time and k (middle panel) and as a function of time and θkB
(bottom panel).
to capture the evolution of the system since it does not include the branch change from
nonpropagating to propagating modes.
3.2. Mirror and ion cyclotron instabilities
In the second (mirror), 2-D CHEB simulation we initialize protons with isotropic bi-
Maxwellian velocity distribution function with βp = 30. In this case we impose a con-
tinuous expansion in the x and y directions with the (initial) characteristic expansion
time te = 10
4/ωcp0 (the radial direction in the model of expanding solar wind would
be in the z direction, i.e., perpendicular to B0 which is aligned with the x axis). The
expansion leads to a decrease of the density as (1 + t/te)
−2 whereas the magnitude of
the magnetic field decreases as (1 + t/te)
−1. In this case the double adiabatic evolution
would lead to increasing Tp⊥/Tp‖. The collisional isotropization frequency νpp is chosen
be 6.5× 10−4ωcp.
Figure 3 shows the evolution of the system in the 2-D (mirror) CHEB simulation.
Solid curves denote the path in the (βp‖, Tp⊥/Tp‖) on both the panels (βp‖ are Tp⊥/Tp‖
averaged over the box as in Figure 1). The dashed contours show the linear prediction,
the maximum linear growth rate (in units of ωcp) as a function of βp‖ and Tp⊥/Tp‖
for the mirror instability (left panel) and for the ion (proton) cyclotron instability (right
panel). The dotted line on the left panel shows the theoretical collisional evolution (given
by Eq. (3.2)) whereas the dash-dotted line displays the mirror threshold CM = 0 (cf.,
Chandrasekhar et al. 1958; Hellinger 2007) where
CM = βp⊥(Tp⊥/Tp‖ − 1)− 1−
1
2
(Tp⊥/Tp‖ − 1)
2
β−1e + β
−1
p‖
. (3.5)
Figure 3 shows that the system initially follows the theoretical collisional prediction
of Eq. (3.2). Again, the initial behavior of the systerm is almost double adiabatic but
8 Hellinger and Tra´vn´ıcˇek
1 10 100
1.00
1.05
1.10
1.15
10
-3
10
-2
1 10 100
 
 
 
 
10
-3
PS
fra
g
re
pl
ac
em
en
ts
T
p

/T
p

βpβp
Figure 3. Solid curves denote the path in the (βp‖, Tp⊥/Tp‖) space in the 2-D (mirror) CHEB
simulation. The dashed contours show the linear prediction, the maximum linear growth rate
(in units of ωcp) as a function of βp‖ and Tp⊥/Tp‖ for (left) mirror instability and (right) for
the ion cyclotron instability. The dotted line on the left panel shows the theoretical collisional
evolution, Eq. (3.2), whereas on the right panel it shows the theoretical prediction for a simple,
one-mode quasi-linear model. The dash-dotted line displays the mirror threshold CM = 0.
as the temperature anisotropy increases the system departs from the double adiabatic
expectation, and, eventually, the collisional term would dominate and the system would
asymptotically reach the isotropy. In the region unstable with respect to the mirror insta-
bility (in the corresponding collisionless plasma) the temperature anisotropy is reduced
faster compared to the collisional prediction due to the generation of (mostly) mirror
modes. This reduction continues in a manner qualitatively similar to the theoretical pre-
diction likely mainly due to the Coulomb collisions. The dotted line on the right panel of
Figure 3 shows a prediction of the simple one-mode quasi-linear model. It captures some
of the properties of the simulated system, namely the fast reduction of the anisotropy.
This model also exhibits an evolution following a marginal stability path with respect to
the mirror instability.
The temporal evolution of the wave spectrum is shown in Figure 4: The top panel
displays the fluctuating magnetic field δB2/B20 , the middle and bottom panels show
gray scale plots of the fluctuating magnetic field δB as a function of time and the wave
vector k and as a function of time and the propagation angle θkB , respectively. The dash-
dotted lines display the times when the system crosses the mirror threshold CM = 0 (see
Figure 3). Figure 4 shows that the fluctuating magnetic energy is generated later on in
the simulation when the system is in the unstable region and this energy is then damped;
at the end the system is in a region stable with respect to the mirror instability. The
generated modes are at mostly strongly oblique angles which correspond to the mirror
modes. There also weak signatures of quasi-parallel waves which correspond to the proton
cyclotron modes.
The mirror modes remain in the system for a relatively long time even in the region
linearly stable with respect to the mirror instability. This is likely related with the non-
linear properties (bistability) of the mirror modes. The mirror instability tends to create
coherent structures either in the form of magnetic enhancements (humps) or in the form
of magnetic depressions (holes). The nonlinear model of Kuznetsov et al. (2007b,a) for
Proton instabilities in weakly collisional plasmas 9
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Figure 4. Evolution of the magnetic fluctuations in the 2-D mirror CHEB simulation: (top)
Fluctuating magnetic field δB2/B20 as a function of time. Gray scale plots of the fluctuating
magnetic field δB as a function of time and k (middle panel) and as a function of time and
θkB (bottom panel). The dash-dotted lines display the time when the system crosses the mirror
threshold CM = 0.
nonlinear development of the mirror instability, near threshold based on a reductive per-
turbative expansion of Vlasov-Maxwell equations predicts formation of magnetic holes;
however, numerical simulations exhibit rather formation of magnetic humps. This effect
is likely connected with the resonant properties of the mirror instability. While the mir-
ror modes near threshold appear at large scales, their driving mechanism is the Landau
resonance between the nonpropagating mirror modes and protons with small parallel
velocities. Small changes of proton velocity distribution function in the resonant regions
strongly influences the nonlinear term derived from the perturbative expansion. This may
lead to the change of sign of the nonlinearity and to the formation of magnetic humps
instead of holes (Hellinger et al. 2009).
In the present CHEB simulation we observe initially a formation of magnetic humps
in the unstable region. These humps are transformed to magnetic holes as the system
becomes linearly stable with respect to the mirror instability. This can be seen in Figure 5
which displays the (sample estimate of) skewness of the amplitude of the magnetic field
g1(B) (calculated at a given time over the 512x512 grid points) as a function of the
mirror linear criterion CM. The skewness of a variable x with N points is defined as
g1(x) =
√
N(N − 1)
N − 2
〈(x − 〈x〉)3〉
〈(x − 〈x〉)2〉3/2
where 〈x〉 =
∑N
i=1 xi/N denotes averaging. The system starts in the stable region with
a zero skewness. As the system moves to the unstable regions the mirror modes are
generated and the skewness becomes positive which is a sign of magnetic humps. As
the Coulomb collisions drives the system to the stable region the skewness becomes
negative indicating magnetic holes. Similar evolution is also observed in collisionless
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Figure 5. Evolution in the 2-D mirror CHEB code: Skewness of the amplitude of the
magnetic field g1(B) as a function of the mirror linear criterion CM.
hybrid expanding box simulations and there are signatures of a comparable trend in the
terrestrial magnetosheath (Tra´vn´ıcˇek et al. 2007; Ge´not et al. 2009).
The proton velocity distribution function remains quite close to a bi-Maxwellian during
the whole simulation as the Coulomb collisions are relatively strong. However, some weak
signatures of flattening of the proton velocity distribution function in the resonant region
are also observed (this is compatible with the presence of magnetic humps in the unstable
region). Such a flattening is expected from the quasilinear predictions (Califano et al.
2008). The quasilinear approximation is, however, questionable when coherent structures
appear; on the other hand, the proton trapping has a similar effect on the velocity
distribution function (Porazik & Johnson 2013).
4. Discussion
In this paper we study evolution of expansion-driven temperature anisotropy in a
weakly collisional, relatively high beta plasma using the CHEB model. We performed
two 2D CHEB simulations, one for the fire hose instabilities and one for the mirror
and ion cyclotron instabilities. The parameters for the two simulations were chosen as a
compromise to have feasible runs in a kinetic particle-in-cell hybrid code; large betas lead
to high numerical noise so that a large number of particles per cell is needed to have a
good separation between the noise and waves generated by the instabilities. The inverse
collisional frequency was chosen to be relatively large (but comparable) with respect to
the expansion characteristic time. For the chosen parameters the expansion generates
proton temperature anisotropies sufficient to destabilize the system despite the presence
of relatively strong Coulomb collisions.
In the first CHEB simulation only the linearly dominant oblique fire hose is observed.
The wave activity generated by this instability efficiently scatters protons and effectively
reduces the proton temperature anisotropy (leading to an effective isotropization fre-
quency much faster the collisional one). This instability has a self-stabilizing properties,
most of the generated wave energy is reabsorbed by protons. The evolution exhibits an
oscillation between unstable and marginally stable states with generation and absorp-
tion of the wave energy. In the second CHEB simulation we observed mainly the mirror
mode activity. The mirror instability generates coherent structures in the form of mag-
netic humps which scatter protons. As the Coulomb collisions reduce the temperature
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anisotropy the system becomes stable with respect to the mirror instability and the mag-
netic humps transform into magnetic holes which survive relatively long time in the stable
region. We developed a simple, one-mode model based on quasi-linear heating rates for
bi-Maxwellian velocity distribution functions. This model exhibit some basic properties
of the two instabilities; a more general quasi-linear model may be useful for modeling
of the macroscopic effects of the oblique fire hose instability and possibly of the mirror
instability to some extent. More theoretical and numerical work is needed.
We used the expansion as a driver for the temperature anisotropy. In many astro-
physical situations such as in the intracluster medium it is expected that a large scale
(turbulent) motion leads to velocity shears which drive the temperature anisotropy. We
expect that a similar evolution we observed in the case of expansion takes place also in
the case of velocity shears. Indeed, recent (collisionless) hybrid shearing box simulations
(Kunz et al. 2014) show similar properties. In the cases when the velocity shear gener-
ates Tp⊥ < Tp‖ Kunz et al. (2014) observe oblique fire hose instability which efficiently
reduces the temperature anisotropy. However, Kunz et al. (2014) don’t observe oscilla-
tory behavior comparable to our results. This is possibly due to the fact that Kunz et al.
(2014) stop their simulations shortly after the fluctuating magnetic energy reaches the
maximum. Moreover, our CHEB results indicate that the decaying time increases with
the proton beta (and additional standard hybrid simulations of the oblique fire hose in-
stability up to βp‖ = 100 confirm this trend) and Kunz et al. (2014) investigated cases
with βp‖ ∼ 200. In the cases when the velocity shear generates Tp⊥ > Tp‖ Kunz et al.
(2014) observe mirror mode structures which trap and scatter protons. This is similar
to our results. We note, however, that in our case relatively strong Coulomb collisions
are present and scatter protons which likely reduces proton trapping. This may possibly
contribute to the quasi-linear diffusion.†
In our weakly collisional simulations the instabilities have nonlinear properties rela-
tively similar to those in collisionless plasmas. In the case of oblique fire hose instability
the nonlinear evolution which may be understood in the quasi-linear framework includ-
ing a branch change. In this case the macroscopic properties may be partly described
by a combination of collisional and quasi-linear terms. The case of the mirror insta-
bility is more complicated. The mirror instabilities generates nonlinear structure which
evolve in time and survive relatively long into the stable region (introducing a memory
in the system). The mirror structures reduce the anisotropy by scattering protons which
can be only partially described as a quasi-linear diffusion. In our CHEB simulations (as
well as in simulations using the shearing box model) the external driver is modeled as
an independent force. Therefore, these models cannot be used to study the feedback of
temperature-anisotropy-driven instabilities on the driver. For instance, general properties
of the viscosity tensor remain an open problem (cf., Mogavero & Schekochihin 2014).
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